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CONVOLUTION EQUATIONS AND HARMONIC ANALYSIS
IN SPACES OF ENTIRE FUNCTIONS
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ABSTRACT. If H is the topological space of functions analytic in the
simply connected open set @ of the plane with the topology of compact con-
vergence, its dual may be identified with the space E of functions of expon-
ential type whose Borel transforms have their singularities in @. For f in H
and ¢ in E, (f*¢)(2) =(f, ¢,) where ¢_ is the z-translate of ¢. If f#0
in any component of @, f %@ =0 if and only if ¢ is a finite linear combination
of monomial-exponentials 2P exp (wz) where is a zero of f in @ of order at
least p +1. Forsuch fand yin E, f*¢ = ¢ is solved explicitly for ¢. If
E is assigned its strong dual topology and 7(¢) is the closed linear span in
E of the translates of ¢, then r(¢) is a finite direct sum of closed subspaces
spanned by monomial-exponentials. Each closed translation invariant subspace
of E is the kernel of a convolution mapping ¢ — f *¢; there is a one-to-one
correspondence between such subspaces and the closed ideals of H with the
correspondence that of annihilators.

1. Introduction. Let Q be a nonempty open set in the complex plane with
a connected complement in the extended plane. Let E be the linear space of
entire functions of exponential type whose Borel transforms can be continued to
~
Q, the complement of . For { analytic in Q and ¢ in E, the convolution of f
and ¢ is defined by

1 ~
(% $)0) = 5~ J’y (2§ (D dz

where zg is a continuation of the Borel transform of the {-translate ¢ r of ¢,
and where y is a finite chain of simple closed curves in §} about the singularities
of the Borel transform of ¢. We find here the general solutions in E of the
equations
(1) [*$=0, and
2 [xé=Y
where ¢ is in E.
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When [ is not the zero function in any component of £, then the solutions
of (1) are the finite sums of the form

n

3) Z pk(z) exp (Ckz)

k=1
where each (, is a zero of f in {} and each p, is a polynomial of degree less
than the order of {,. For such an f, convolution by f/ maps E onto itself and
all solutions of (2) may be written explicitly. Solutions for general f are given
when they exist. The subspace of E spanned by the translates of (3) is the
space spanned by the monomial-exponentials z? exp ({kz) where p varies from
0 to the degree of p,.

If H is the topological linear space of functions analytic in Q with the
topology of uniform convergence on compacta, then E is its topological dual.

H is reflexive, so E is assigned its strong dual topology. Our convolution is
then defined in terms of the duality by (f *$N¢&) = (f, ¢ ) Let 7(¢) be the
closed linear span in E of the translates of ¢. When @ is connected, r(¢) is
either the finite dimensional space described above or is all of E. In all cases,
(@) is a finite direct sum of closed subspaces spanned by monomial-exponentials.
(@) # E if and only if ¢ satisfies (1) for some f# 0. Each closed translation
invariant subspace of E is the kernel of some convolution mapping, and there is

a one-to-one correspondence between such subspaces and the closed ideals of H.

The mapping from H into E defined by convolution with a fixed function in
E is examined briefly in the last section.

With a different representation of the dual of H, Kéthe ([5, p. 47] and [6,

p. 434]) studied equations which are equivalent to (1) and (2) using duality. The
mapping equivalent to our convolution was studied as the adjoint of the multipli-
cation mapping g — gf of H into itself. We show the equivalence by showing
that multiplication is adjoint to convolution. Kéthe finds solutions of the
equation equivalent to (1) and shows the existence of solutions of the equation
equivalent to (2). Our methods of solution are constructive and do not use a
topological structure on E or the fact that / and E are dual.

If Q is a disk with center at the origin and radius 7, then E is the set of
entire functions of exponential type less than r, and convolution of ¢ by f(z) =
Eanz” has the form of the infinite order differential operator 2a n¢(")(z). In
this case, results similar to those obtained here regarding the solutions of (1)
and (2) were originally given by Muggli [7] with an alternative derivation given
in [3]. If @ contains the finite set of points {w ]} and f(z) = Eai’.zi explwz)
is a finite sum, then convolution of ¢ by [ has the form of the difference-
differential operator Eaiiqb(i Az + “’i)' In the general case considered in this
paper, {) is not assumed to be convex or connected.
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In a sense, the problems studied here are dual to the usual studies of analytic
mean-periodicity where solutions f of (fw + 2z), ¢(w)) = 0 for ¢ of exponential
type are characterized when () is the entire plane making H translation invariant
(4], [9], or when H is specialized so that the equation has meaning for f in H
and z in some restricted set [2]. In our case, H is not translation invariant
while E is invariant.

2. Preliminaries. An open and connected set in the plane will be c'elled a
region while the complement in the plane of a set § will be denoted by S.

Generally, the topological dual H' of H is identified with the set of functions
that are locally analytic on the complement of {} in the extended plane and
vanish at infinity That is, H' is the set of equwalence classes ¢* of functxon
elements (¢, S) where S is a region containing Q S is bounded, and where ¢
is analytic in § with z(z) — 0 as z —o0; two functxo'rt elements are equivalent
if their functions are equal in some region containing €. The duality is given by
{f, ¢*)= (Zni)'lf,y/(w)g(w)dw where [ €H, (g, S) eg¢* and y isa finite chain
of simple closed, ggsitively oriented, rectifiable curves in NS with @ in the
exterior of y and § in the interior of y; distinct curves of the chain are in dis-
tinct components of {}. These facts are detailed by Kéthe in [5, p. 375].

Since the complement of © in the extended plane is connected, the Fourier
transformation ¢(z) = (e_+ ¢* ) where ¢ (w) = ¢** permits an identification of
H' with the set of entire functions we have denoted by E. Specifically, if each
function of a function element in ¢* has the series development E:n!an/z”*l
about infinity, then ¢(z) = 27; a nZ"; the former series is called the Borel trans-
form [1] of ¢ and is the analytic continuation of the real Laplace transform of
¢. The equivalence class corresponding to a ¢ in E is then ¢* With E as
the dual of H, the duality is given by (f, ¢) =(f, ¢*).

If {Qi} is the set of components of Q and if H, is the topological linear
space of functions analytic in Qi with the topology of uniform convergence on
compacta, then H = I1 H , the topological product of the H . If E; is the dual
of H, then E = @Ei, the direct sum of the E.. H and the H; are Fréchet and
Montel spaces. Since they are Montel spaces, they are reflexive and we will
consequently assign the strong dual topologies to E and the El when topological
considerations are required. E is then the topological direct sum of the E .

If fisin H and [ = {/1}, then, as usual, f # 0 means that f; # 0 for some
i. We will write f # 0 to denote the fact that f; # 0 for each i. While theorems
requiring f # O generally follow from the case when [ # 0 and Q is connected,
the proofs are the same, so they are given in the more general form.

For ¢ in E we will say that (22;, S, y) is ¢-admissible (for the duality)
when (z. S) € ¢* and y is chosen as above. C will denote the set of complex
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numbers, and for ¢ in E and { in C the {-translate of ¢ is ¢ L(z) =z + )
For  and ¢ entire functions, the resultant or *‘finite’’ convolution of ¢ and ¢
is given by (i © ¢)z) = y(z) 0 ¢(z) = [5ylz - w)g(w)dw.

The first two lemmas will permit the formulation of the definition of convolu-
tion and the definition of some useful functions in H.

Lemma l~ For { in C, tb's mapping $ — ¢ maps E onto E. Further, if
¢ €E with (¢, S) in ¢* and qS;(z) = £ 5h(2) - €0 ¢(), then (;\ﬁ‘;, S) e #7

Proof. ¢ r is clearly of exponential type. Since the Borel transform is
given by the Laplace transform for z large and real, the Borel transform of ¢ L
for such 2z is given by

f: e *'p(t + {)dt = lim f;m ez“_w)ff’(w)dw

R —o

= lim J;)UR e () du — % 0 B(2).
R —o0
The integral from 0 to {+ R may be replaced by the sum of integrals from 0
to R and from R to {+ R. For z greater than the type of ¢, the limit of the
first integral is e L";Z(z) while the limit of the second is zero. Hence
e &z(z) -e%o &(¢) is the Borel transform of ¢ ¢ for z of large modulus. This
function 3; is analytic in S since the second term is entire. Hence (a r S)e
% and the mapping ¢ — ¢ is into E. The mapping is onto E since ¢ is the
image of ¢_,. '
Definition 1. For f in H and ¢ in E, the convolution of f and ¢ is the
function on C defined by (f *@){) = (/. ¢,).
Since the finite convolution e ¥ o #(¢) is entire, by choosing (;;. S,y to
be ¢-admissible, it follows from Lemma 1 that

@ (5 DN = = [, 1)) dw = (e5/(2), $la)).

If C€Q, then e €E and (z - O, C-{¢D is in (e %)¥; then
(f(z), et )= f(¢) by Cauchy’s theorem. Of course we also know that (e;z. é(2))
=¢({) forall {in C. If t €Q and f € H, then (f(z) *e'z)(§)=eg‘/(t)
by (4).

Lemma 2. If  and ¢ are in E with (J, T) and (§, ) in y* and ¢*
respectively, then y © ¢ is in E with Q@ , U) in ( o @)* where U is the
unbounded component of T N S,

Proof. The usual proof for Laplace transforms shows that the Borel
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transform of ¢ © ¢ for z of large modulus is w, and this product is analytic in
U which contains .

It follows from Lemma 2 that if { €Q and @» S) € ¢*, then ($(2)/(z - O,
S—{D) isin (e%o #(2))* In particular, e¥o ¢(2) €E when £ €Q and ¢ €E.
This observation permits the formulation of the following definition.

Definition 2. For { in H and ¢ in E, the function T qS from Q into C is
defined by (T ¢)(O (f(z), e% o g(2))

Then T ¢ € H. For suppose ¢ €Q and (¢, S) € g% Choosing y so that
(% S, y) is ¢-adm1551ble and so that £ is in the interior of y, we have

/ () ¢(w)

1
(T, ) = 5 [, =5

which is analytic in a neighborhood of <.

3, Representations of solutions. In this section we will find all solutions
of (1) and (2).

Theorem 1. For f in H the mapping ¢ — [ * ¢ maps E into E. Further, if
& €E with (§, S) in ¢* there exists an w with (w, ) in (f * ¢)* and w=[p-To
on NS,

Proof. Suppose (&, S) € ¢* For each z in S choose y, SO that @, S, V)
is ¢-admissible and z is exterior to y,. Define

o) 1 () $(w) p

27i Y, Z-Ww

o is well defined by Cauchy’s theorem and is analytic in S. It is clear from (4)
that f * ¢ is entire and of exponential type. For z large, real, and outside of
Y =¥, the Borel transform of f *¢ is given by

f;" _,,1 fy ""/(w)¢(w)dwdt— f/(w)¢(w)f°° e~tE=w) gy gy
f /(w)qS(w)

=2 dw = w(2).

The absolute convergence of the second integral with respect to ¢ justifies the
change in order of integration. Since @ is analytic in §, f *¢ is in E,
Suppose now that £ € Q NS, Choose y and y’ so that { is in the exterior
of y and in the interior of ' and so that each of (&, S, ) and (&, S, y') is ¢-
admissible. Let & be a small, positively oriented circle about ¢ in @ NS not
intersecting y or y's Since (§()/z - O, S - 1L, ) is e % o ¢(2)-admissible,
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- 1 (@) w)
(T, 8N = (=) e 0 dlad) = o [, T2

Writing this integral as the sum of integrals over & and y, the right member is

(OFL) - ().

Theorem 2. For { #0 in H, the mapping ¢ — [ *¢ maps E onto E. Further,
if  €E and (§, S, y) is yY-admissible with the only zeros of f on or interior to
~
y in S, and if

Yold) = i [ EHW

" 21 Jy T (w)
tben /*(ﬁo = lllo

Proof. For each z in § choose y, so ) that (. S, y,) is Y-admissible with
the only zeros of [ on or interior to y, in S and so that z is in the exterior of
Y.+ Then

~
U(w)
7(z) = fyz m_-;;; dw
defines a function which is analytic in S.

Y, as given in the theorem is entire and of exponential type. Its Borel trans-
form for z large, real and exterior to y is [ e~ *¢(e)dt. Writing ), as in the
theorem, changing the order of integration, and performing the integration with
respect to ¢ shows that this transform is 7. Since 7 is analytic in S, (5, S) €
2%

Choose 8 in the exterior of y so that (n, S, 8) is ¥ -admissible. Then

(f * $o)@) = (), Yglan)) = o= [, €™ flwhntas) o
1 w 1 o)
“m e ’('”)z—vifv/(z)(w_o e

90 1 ""’/(w)
= 2mi fy /(,) 2ni f& w-t

1

= 7 z'l/l(t)dt = (%, (1)) = Y(2).

We will use the terminology polynomial-exponential for a function of the
form p(z)e % when p is a polynomial; when p is a monomial we will say such
a function is a monomial-exponential. The zero function is to be included as a
monomial-exponential.
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Definition 3. For f#0 in H let {,} be the zeros of [ in Q and let m, +1
be the order of {,. Let Z(f) ={({,, p); 0 <p < m,, p integrall. A polynomial-
exponential pk(z) exp((kz) belongs to / in Q if p, is of degree at most m,,
The zero function belongs to each [ in Q.

Lemma 3. £ €Q. o(2)=z%. [ #0 is in H. Then [ *w =0 if and only
if (& p) € Z(f).

Proof. Since a(2) = p!(z = £)™?~1, [ %o =0 if and only if
[ fw)w - O~?-1dw = 0 for all z where c is a circle about ¢ in Q. Hence
[ *@ = 0 if and only if the pth derivative of ezg/({) with respect to { is zero
for all z. A simple calculation shows that this condition is equivalent to [(i)({)
=0 fori=0,+.-, p, ises, { is a zero of [ of order at least p + 1.

Theorem 3. [ #0 isin H and ¢ € E. Then [x¢ =0 if and only if ¢ is a
finite sum of polynomial-exponentials belonging to [ in Q.

Proof. The fact that such a finite sum satisfies the homogeneous convolution
equation is immediate from Lemma 3. Assume now that f *¢ = 0. Choose
($ S) in ¢* Since [ *¢ =0, the function @ of Theorem 1 is zero and [¢ =
T/ gon QNS T qS// is meromorphic in  since T/¢ and [ are analytic there
with f # 0. Since 22; qS// is analytic in @ NS, the only poles of T qS// in
Q are in the compact set Q N'S. Hence T /qS// has only a finite number of poles

in Q. Let P, denote the principal part of T/qS// at {,. Then if (& S, y) is ¢-
admissible,

L[ ey P01
80 = o [ B Dar= 5 o FOSUES - NED ACE

It follows that ¢ is a finite sum of polynomial-exponentials belonging to f in
Q. Since 2P, vanishes at infinity and is analytic in S, it follows that ¢ = 2P,

and 8 is ranonal. This observation and our proof give the following corollary.

Corollary. Let [ +¢ =0 where [ #0 is in H and ¢ € E, and let (¢, S) €
@* Then @ is a rational function and ¢ - T/¢// in Q.

It is worth noting here that T <;S/ f is independent of [ in the sense that if
f*dp=g*¢=0 for { and g nonzero in H, then T/¢// T qS/g. That this
holds is a consequence of the fact that each of T /gb// and T ¢/g is equal to 3

Corollary. If f #0 is in H, then the set of all ¢ in E such that [ *¢ =0
is the direct sum of the subspaces [2Pe %] where & p) € Z(f).

Proof. The fact that the set of solutions is the sum of the subspaces follows
from the theorem. That the sum is direct follows from the linear independence
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of the monomial-exponentials which may be easily established directly ot by using
the remark following the next definition.

The general solutions of (1) and (2) will be given more explicitly in the next
two theorems. It is also clear from Theorem 3 that if ¢ # 0 satisfies a convolution
equation f *¢ = 0 for some { #0, then ¢ satisfies a similar equation where [
is a polynomial of minimal degree; this will be made more explicit in Lemma 4.

Definition 4. For f #0 in H, let c, be acircle in Q about zero Ch of f in
Q containing no other zero of { on or inside itself. For each k and each non-
negative integer b define F,, on E by

(¢=¢)PT,é(2)
1 e f
Fkb(qS):m Lk Td,,

It follows easily from Lemma 3 and Theorem 1 that F kb(z’ exp(é’qz)) =
blapbaqk for 0<p<m.

Definition 5. If ¢(z) = 27 _ p,(2)exp(A,2) where the A, are distinct anddin+l
Q and each p, is a nonzero polynomial of degree d &> then f ¢(z) = ﬂ:___l(z - )‘k) k

and o(¢) = Z(f ¢,).
Theorem 4. [ #0 isin H and ¢ € E. Then [ x¢ =0 if and only if

F,,(¢)

Lz
k
o PLEAS

é(z) = )

(L,.h)eZ()
Z(f) may be replaced by o(¢p) when ¢ £ 0.

Proof. The result follows immediately from the representation of ¢ given
in the proof of Theorem 3 and the observation that
4
—p-1
Pk(Z) = ZO Fkb(¢)(z - Ck) .
b=

Theorem 5. f #0 isin H. ¢ € E and € E. Then [ *¢ ~ ¢ if and only if

Fo$-v)) 1,
$ =D+ T AT ok
(5. B)EZ (N

where iy, is as given in Theorem 2. Z(f ) may be replaced by ol - ) when
¢ ié ¢’o‘

Proof. The result is immediate from Theorems 2 and 4.

It follows from Theorem 1, that if / and g are in H and ¢ is in E, then

(& [*¢) - (g/ &) since T/¢> is in H. Hence the multiplication mapping g
—gf in H is adjoint to the convolution mapping ¢ — [ *¢ in E. Since this
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adjoint maps H into itself, the convolution mapping is weakly continuous and so
continuous in the Mackey topology on E; since H is reflexive it is continuous
in the strong topology. When f # 0, the convergence of a sequence {g”/ }in H
implies the convergence of {g_l. As a result, the adjoint has a continuous in-
verse when [ #0 and the convolution mapping is onto E as we have seen in
Theorem 2.

Suppose that f=1f} with /, in H, and ¢ = ¢, with ¢, in E, ¢, may
be represented as (27i)~! fez"'g(w) dw where the integral is taken over a closed
curve in Qi enclosing the singularities of 3 in Ql.. From Theorem 1 it follows
that f, %@, isin E, so 2';/1. * ¢, is the direct sum representation of [ * ¢.
Consequently, the general solution of (1) is the direct sum of the solutions of the
equations f, *¢, = 0; these are determined by Theorem 3 when /; #£0 and are all
of E, when f,=0. If @ is in Q,, the set of functions {z?e“%} where p runs
through the nonnegative integers can be seen to be total in E, by the Hahn-
Banach and Cauchy theorems. It follows that the set of all solutions of (1) is
a direct sum of closed subspaces generated by monomial-exponentials.

In general, convolution by f maps E onto the direct sum of the E ; for
which [, £ 0. If ¢ =27, and ), =0 when {, = 0, then the general solution of
(2) is the direct sum of the solutions of the equations [;*®;= ¢, Clearly,
solutions of (2) do not exist when /i =0 and ¢, #£0 for some i.

4. Harmonic analysis in E. In this section we will record intrinsic prop-
erties of functions in E that satisfy homogeneous convolution equations, We
will also examine the closed translation-invariant subspaces of E and their
relation to the closed ideals in H.

The principal ideal in H generated by [ will be denoted by (f). The set
of solutions in E of (1) will be denoted by K(f). St will, as usual, denote the
annihilator or orthogonal space of the subspace S. (@) is the closed span in
E of the translates of ¢.

Lemma 4. ¢ in E is a nonzero finite sum of polynomial-exponentials. Then

[ *¢ =0 if and only if ///4, €H.

Proof. Assume that ¢ and f @ have the form given in Definition 5. If [ * ¢
= 0, then /z = T/¢ by Theorem 1 and T/¢ €H. If A, is a pole of 2}5 of order
dk + 1, then either [ is the zero function in the component of Q containing
)tk or [ has a zero at )‘k of finite order at least d x + 1o It follows that f/f 6 € H.
Conversely, if {/f 6 € H, then either f is the zero function in the component

containing A, or A, is a zero of [ of order at least d,+1. Hence fx¢ =0 by
Lemma 3.,
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Theorem 6. If ¢ € E, then each of the following conditions implies each of
the others:

1. f*¢=0 forsome [ #0 in H.

2. ¢ is a finite sum of polynomial-exponentials.

3. W) is finite dimensional and is spanned by the monomial-exponentials

it contains.

Proof. The first condition implies the second by Theorem 3. The second
implies the first by choosing /=1 when ¢ =0 and [ =/, when ¢ #£0.

The third condition obviously implies the second. We now show the second
condition implies the third. The implication holds when ¢ = 0 since we have
included the zero function as a monomial-exponential. Suppose that ¢ £ 0 and ¢
has the form given in Definition 5. Let W denote the linear span in E of the
monomial-exponentials 2P exp(A,z) where (A, p) €olg) = Z{ ¢)’ It is obvious
that {¢) CW and so f(¢) is finite dimensional. Since the generators of W are
lineasly independent, the dimension of W is N =7+ Ezdk. To show that (@) =
W we will exhibit N linearly independent translates of ¢.

Choose 7 in C so that the numbers exp(n)\i) are distinct for i=1, «+«, n,
We assert that the translates ¢, n for k=0, ..., N~1 form a linearly independ-
ent set. Suppose otherwise, so that there are ¢, for k=0,...,N =1, notall
zero with 2c, ¢(z + kn) = 0. Let b(2) = Eckz" and f(z) = b(e" %), Our assumption
onthe ¢, insures that / #0 and that f *¢ = 0. Lemma 4 implies that each A,
is a zero of [ of order at least a’,e + 1. This fact together with the choice of 7
insures, by differentiating f(z) = h(e”%), that b has distinct zeros exp(n)), the
sum of whose orders is N. This is impossible since b is of degree N - 1. We
conclude that W = () and the second condition implies the third.

Corollary. If Q is connected, then () is finite dimensional or d¢) = E.

Proof. If ¢ is a sum of polynomial-exponentials, then (@) is finite dimen-
sional by the theorem. If ¢ is not such a sum, g *¢ = 0 must imply that g = 0;
ives, (8 ¢£) =0 for all { implies g = 0. In this case, f(¢) = E by the Hahn-
Banach Theorem.

Corollary. «@) is a finite direct sum of closed subspaces spanned by
monomial-exponentials.

Proof. If ¢ =Z21¢,, it is easily verified that ¢) = ®’1"(¢i) where «(¢)
is the closed span of the translates of ¢, in E. The corollary follows from the
preceding corollary and the theorem upon recalling that each E; is the closed
span of an infinite sequence of monomial-exponentials.

Corollary. @) £ E if and only if [ xp =0 for some [#0 in H.
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Proof. If {¢) £ E, the Hahn-Banach Theorem insures the existence of an
[#0 with (f, ¢,) =0 forall g, ie., fx¢p =0,

Suppose that f #0 and { *¢ =0. Then f;*é;=0 for some f, #0. Then
f¢,) is finite dimensional in E,, and r(¢) # E.

Lemma 5. For f in H, K(f) =([)‘L. For [ and g in H, {/g € H if and only
if K(g) CK().

Proof. The first conclusion follows immediately from a general theorem
concerning adjoint mappings. More simply, ¢ € ([)J‘ if and only if (g/, ¢) =
(g, [ *¢) =0 for each g in H; i.e., if and only if [ *¢ = 0.

f/g € H if and only if (f) C(g). It is easily verified that (/) is closed in H,
so this condition is equivalent to ' c (/)J' ; ives, K(g) C K(N.

Theorem 7. If T is a closed translation-invariant subspace of E and g is
a greatest common divisor of the functions in T, then T = K(g) and T is the
direct sum of closed subspaces spanned by monomial-exponentials.

Proof. It is to be understood that g is to be taken as zero in any component
of Q in which all the functions in T™ are zero.

We may write T =®Ti where each Ti is a closed subspace of Ei. That
Ti is translation invariant follows from Lemma 1. Hence it suffices to prove the
theorem under the assumption that Q is connected. Since T is invariant and
closed the following statements are equivalent: qS €T; ¢, €T forall &
(14, ¢C) 0 forall {; f*x¢p=0 for each/ in Tt It follows that T = NK(/)
where the intersection is over all f in Tt

If T contains only the zero funcuon, then, choosing g = 0, we have T =
E = K(g). Suppose now that T* £{0}. We assert that T = K(g). If f € T*, then
K(g) C K(f) by Lemma S since g divides f. Hence K(g) CT. Suppose that
¢ €T sothat f x¢ =0 for each [ in T*. Since T £ {0}, it follows from
Theorem 3 that ¢ is a sum of polynomial-exponentials. If ¢ =0, then ¢ € K(g).
If ¢ #0, then ///¢> € H for each [ in T+ by Lemma 4; that is, /d> is a common
divisor of the functions in T'. Therefore [, divides g, and by Lemma 4 we
have g *¢ =0 and ¢ € K(g). Hence T = K(g). We have seen earlier that K(g)
is a direct sum of closed subspaces spanned by monomial-exponentials.

Theorem 8. There is a one-to-one correspondence between the set of all
closed ideals in H and the set of closed translation-invariant subspaces of E.
Ildeals and subspaces correspond to their annihilators.

Proof. Using Theorem 7, we will prove the known fact [8, for example]
that the closed ideals in H ate the principal ideals. We know that the
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principal ideals are closed. Suppose that I is a closed ideal, and let T = .
Then T is closed and T1=1. We assert that T is invariant. For suppose that
¢ €T. Then(f, ¢)=0 for each [ in I. Then 0= (e%fw), ¢w)) =(/, ¢,) for
all { and each f in I = T. Since T is closed, ¢.§ € T, proving the assertion.
Since T is closed and invariant, it follows from Theorem 7 that T = K{g) for some
g in H. Hence I =T* = K(g)'L = (g) by Lemma 5.

The mapping (g) — K(g) into the invariant subspaces of E is surjective by
Theorem 7. That the mapping is bijective follows from Lemma S. For if K(g) =
K(f), then (g)J' = (/)*L and (g) = (/). Lemma 5 also shows that the correspondence

is one of annihilators.

S. Mapping H into E by convolution. For completeness we will briefly examine the
mapping of H into E defined by f — f * ¢ for a fixed ¢ in E. For simplicity we
will assume that Q is connected and will denote the mapping by *¢. We have
noted that it follows from Theorem 1 that (g, f *¢) = (gf, ¢ ) when g and [ are
in H, It follows that (g, f *¢) = {(f, g *¢) and * ¢ is selfadjoint.

We assert that if { #0 and f *¢ is a finite sum of polynomial-exponentials,
then ¢ is also such a sum. For if { *¢ is such a sum, g *(f * ) =0 for some
g #0 in H. Then (e*¥g(w)/(w), g(w)) = (e**g(w), (f * )W)} = 0 and (gf)* ¢ =
0. Since gf £0, ¢ is a finite sum of polynomial-exponentials.,

Consider first the mapping *¢ when ¢ is not a finite sum of polynomial-
exponentials. It follows from Theorem 3 that if f *¢ = 0, then f = 0. Hence *¢
is injective. Since * ¢ is selfadjoint, the range of the mapping is weakly dense,
and so dense, in E = {¢). From the assertion of the preceding paragraph, no
nonzero finite sum of polynomial-exponentials is in the range. It follows that the
range is not all of E and is not closed.

Consider now the mapping *¢ when ¢ is a nonzero finite sum of polynomial
exponentials. By Lemma 4, the kernel of the mapping is (/ ¢>)' If R denotes the
range of the mapping, it follows that (/ ¢) = R* since *¢ is selfadjoint. By
Lemma 5 and the proof of Thearem 6, R* 4= (f d,)J' = K(f ¢) = (). Since f¢) is
finite dimensional and R CR* ‘L, R is finite dimensional and closed. Hence R =
).

Using Lemma 4 and Theorem 8, it is easy to verify the equivalence of the
following statements where f € H and ¢ € E: (1) [ *¢ = 0 for some ¢ # 0; (2)

f has a zero in Q; (3) () £ H.
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